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We study two-particle states in a Su-Shrieffer-Heeger (SSH) chain with periodic boundary con-
ditions and nearest-neighbor (NN) interactions. The system is mapped into a problem of a single
particle in a two-dimensional (2D) SSH lattice with potential walls along specific edges. The 2D
SSH model has a trivial Chern number but a non-trivial Zak’s phase, the one-dimensional (1D)
topological invariant, along specific directions of the lattice, which allow for the presence of topo-
logical edge states. Using center-of-mass and relative coordinates, we calculate the energy spectrum
of these two-body states for strong interactions and find that, aside from the expected appearance
of doublon bands, two extra in-gap bands are present. These are identified as bands of topological
states localized at the edges of the internal coordinate, the relative distance between the two par-
ticles. As such, the topological states reported here are intrinsically many-body in what concerns
their real space manifestation, having no counterpart in single-particle states derived from effective
models. Finally, we compare the effect of Hubbard interactions with that of NN interactions to
show how the presence of the topological bound states is specific to the latter case.
PACS numbers: 74.25.Dw,74.25.Bt
I. INTRODUCTION
The interest in the topology of interacting systems has
been gradually increasing in recent years. The topolog-
ical characterization of its many-body states remains,
to a large extent, an open problem, given that in the
presence of interactions, topologically invariant quanti-
ties such as the Berry phase are, in general, ill-defined.
There is, however, a numerical approach which relies on
the method developed by Niu and Thouless1, where one
imposes twisted boundary conditions on the many-body
wavefunction of the ground state and then averages over
all possible ones to recover a well defined Berry phase,
γ = npi, where n can be integer2–6 or fractional7,8, de-
pending on the filling factor and model considered.
Two of the simpler ways to study many-body effects,
in interacting 1D topological systems, consist of charac-
terizing quasiparticle excitations at half-filling2,3,9–11 or
two-body states12–15. Here we focus on the latter case.
It has been shown that interactions can drive the appear-
ance of bands of bound states (doublons), in the energy
spectrum as a function of the center-of-mass momentum
K16–28. Such bound states are expected to be exper-
imentally accessible in optical lattices29–34. A distinct
feature of these doublons is that their wavefunction is
localized in the relative distance between its two compo-
nent particles, which is immune to dissociation for strong
interactions due to energy conservation.
In the context of SSH chains with open boundary con-
ditions (OBC), the introduction of a strong Hubbard
interaction produces midgap topological doublon edge
states, upon application of a gate potential to compen-
sate for a chemical potential shift at the edges13. Above a
threshold value, this edge potential shift is responsible for
an edge locking of bound states35–37. The ability to either
enhance or suppress this edge shift plays a crucial role in
state transfer of bound states38,39. In a previous paper40,
we considered instead the effects of NN interactions on
two-hole excitations at half-filling. We found some pecu-
liar edge states, classified either as impurity-like, topolog-
ically originated (but not protected) or topologically pro-
tected in specific subspaces41. Here, we extend this pre-
vious study to periodic boundary conditions (PBC), but
focus on two-electron states (and not two-hole states as
before). We show that, in the strong-interaction regime,
and besides the expected doublon energy bands, two ex-
tra doublon bands appear inside the gaps between the
itinerant bands. Their dependence on a finite difference
in the value of the alternating hopping constants is a
strong indicator of a decisive role being played by the
non-trivial topology of the SSH model42.
Indeed, we find that the original problem of two spin-
less fermions with PBC can be reduced, through a series
of exact mappings using center-of-mass coordinates, to
a one-particle problem in a topological chain with OBC
for any K. The open boundaries of the mapped chain
arise in the new spatial coordinate considered, the rela-
tive distance between the two electrons. For two specific
momentum values, K = 0 and K = pi, we show how
the extra bound states in the energy spectrum can be
identified with the topological edge states of the mapped
chains. As we will address in more detail below, even
though these extra bands of bound states have also ap-
peared recently in Ref. [43], their topological origin is not
discussed there, since they are characterized as analogs of
a band of bound states present when on-site interactions
are introduced. Here we show, on the other hand, that
qualitative different features arise in the bound states as
one changes from on-site to NN interactions. More specif-
ically, we explain why these topological bound states are
not present with on-site interactions, being instead a dis-
tinctive feature of strong NN interactions.
Contrary to the bound edge states in open chains la-
beled topological in recent literature13,15,39,44–46, where
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2the bound state is described as a single particle in a topo-
logical state of an effective model of the open chain, the
topological bound states in interacting SSH rings we re-
port here have no counterpart in single-particle states
and, thus, should be differentiated from those mentioned
above. The specificity of the topological bound states
found here comes from the fact that their localized be-
havior is not to be found at the edges of the original
chain (as it is periodic). Instead, these states are local-
ized in the internal distance between the two particles,
while extending spatially over the chain, making them
intrinsically many-body states.
The rest of the paper is organized as follows. In Sec-
tion II, we introduce the model of an SSH ring with NN
interactions and its respective mapping into a 2D SSH
lattice. In Section III, we study the mapped lattice for
K = pi and show the existence of topological states in
the presence of strong NN interactions. In Section IV, we
drop the NN interactions and introduce instead a Hub-
bard interactions to show that topological states are ab-
sent in this latter case. In Section V, we perform the
same analyses as in the Section III but now for K = 0,
and explicitly show the non-trivial topological nature of
the model through the calculation of the Zak’s phase.
Finally, in Section VI we conclude.
II. THE MODEL AND 2D MAPPING
We consider a spinless SSH model of a periodic chain
of N sites with NN interactions, depicted in Fig. 1(a),
H = −
N∑
l=1
(
tlc
†
l cl+1 +H.c.
)
+ V
N∑
l=1
nlnl+1, (1)
where l is the site number with N + 1 ≡ 1, tl = t1(t2)
for l odd (even) are the alternating hopping amplitudes,
nl = c
†
l cl is the number operator, V is the strength of the
NN interaction and intercell spacing was set to a = 1.
Throughout the paper, we set t1 = 1 as the energy unit.
The problem of two interacting particles described by the
1D model of (1) can be mapped onto a single-particle
problem in a 2D lattice14,15,31,32,34,47,48 . In our case one
arrives at the 2D SSH model of Fig. 1(b), with one of
the particles of the original model placed along the x-axis
and the other along the y-axis, so that a single particle in
state |x, y〉 represents, in this 2D model, the global state
of the two particles. It is convenient to describe this sys-
tem in new coordinates, using instead the center-of-mass
R = x+y2 and relative r = x−y coordinates, together with
the center-of-mass K = kx + ky and relative k =
kx−ky
2
momenta18. For two non-interacting particles in a finite
SSH ring with N sites, one can take advantage of certain
symmetries of the states and of their periodicity [that is,
|x, y〉 ≡ |x± iN, y ± jN〉 with (i, j) ∈ Z × Z] to define
a fundamental domain and its boundary conditions in
the mapped 2D SSH lattice for each of the three distinct
cases: 1) two distinguishable particles (e.g., two opposite
spins), 2) two spinless fermions, and 3) two bosons. The
reader is referred to Appendix A for further details on
the construction of the fundamental domain. The results
are condensed in Table I, where one sees that the mapped
lattice becomes a torus in case 1), with PBC in both the
R and r directions, and a cylinder in cases 2) and 3),
with PBC in the R direction and OBC in the r direction.
In 3), the bosonic case, an additional renormalization of
the hoppings constants connecting r = 0 and r = 1 sites
is required, as we will show in Section IV.
Distinguishable particles
State
in xOy |x, y〉 = |x〉 ⊗ |y〉
in rOR |R, r〉 = |R+ r
2
〉 ⊗ |R− r
2
〉
FD
in xOy −x ≤ y < −x+N ∧ x−N ≤ y < x+N
in rOR 0 ≤ R < N
2
∧ −N < r ≤ N
Identifications R ≡ R+ N
2
∧ r ≡ r + 2N
Shape torus
Spinless fermions
State
in xOy |x, y〉a = 1√2 (|x, y〉 − |y, x〉)
in rOR |R, r〉a = 1√2 (|R, r〉 − |R,−r〉)
FD
in xOy −x− 1 ≤ y < −x+N − 1 ∧ x−N + 1 ≤ y ≤ x− 1
in rOR − 1
2
≤ R < N−1
2
∧ 1 ≤ r ≤ N − 1
Identifications R ≡ R+ N
2
Shape cylinder
Bosons
State
in xOy |x, y〉s = 1√2 (|x, y〉+ |y, x〉)
in rOR |R, r〉s = 1√2 (|R, r〉+ |R,−r〉)
FD
in xOy −x− 1 ≤ y < −x+N − 1 ∧ x−N ≤ y ≤ x
in rOR − 1
2
≤ R < N−1
2
∧ 0 ≤ r ≤ N
Identifications R ≡ R+ N
2
Shape cylinder
Table I. Mapping into a 2D SSH lattice for three different
two-particle systems of a non-interacting periodic SSH ring
with N sites. FD is short for fundamental domain, whose
method of construction is presented for the spinless fermions
case in Appendix A. The identifications discriminate the pe-
riodic directions.
Focusing for now on the two spinless fermions case,
same site occupation in 1D, that is, r = 0 in 2D, is for-
bidden (an infinite on-site potential wall due to Pauli’s
exclusion principle). Since we are considering identical
fermions and the two half-planes in Fig. 1(b) are inde-
pendent of each other, antisymmetric states with respect
to the r = 0 axis are equivalent, and so we use this to
define the fundamental domain of our problem in the
lower half-plane defined by r ≥ 1 (see Table I). The NN
interaction with strength V in 1D is translated into a po-
tential wall at the sites along the r = ±1 lines in the 2D
SSH model. In the extended SSH Bose-Hubbard model,
a finite on-site Hubbard interaction U introduces a finite
potential wall at r = 0. The interplay between these two
types of walls, one for r = 0 due to U and the other for
r = ±1 due to V , considerably enriches the two-particle
3energy spectrum43, particularly by the emergence of hy-
bridized bound states.
The red square with points labeled A through H in
Fig. 1(b) corresponds to the unit cell of the mapped sys-
tem that repeats in the r and R directions (the purple
square corresponds to the primitive cell, repeating in the
x and y directions). This unit cell has double the energy
bands (sites) of the primitive cell, which comes as a result
of a folding of the Brillouin Zone of the primitive cell. In
the new momentum coordinates, the Hamiltonian of the
2D SSH chain, for this choice of unit cell, is given by
H =

0 0 t1 t2e
−iK 0 0 t1eik t2e−i(K−k)
0 0 t1 t2 0 0 t1e
ik t2e
ik
t1 t1 0 0 t2 t2 0 0
t2e
iK t2 0 0 t1e
iK t1 0 0
0 0 t2 t1e
−iK 0 0 t2 t1e−iK
0 0 t2 t1 0 0 t2 t1
t1e
−ik t1e−ik 0 0 t2 t2 0 0
t2e
i(K−k) t2e−ik 0 0 t1eiK t1 0 0

. (2)
Upon diagonalization of this Hamiltonian, one finds the
energy spectrum of the system, as depicted in Fig. 2 for
t2 = 0.3t1. Information about the topological nature of
such 2D lattices is provided by the Chern number, defined
for each band as
C =
1
2pi
‹
BZ
dkF(k), (3)
where F(k) = ∇× A(k) is the Berry curvature, A(k) =
−i 〈ψ(k)| ∇k |ψ(k)〉 is the Berry connection and |ψ(k)〉 is
the eigenstate of the band.
In our case, the fact that the 2D SSH model has
time-reversal symmetry imposes that F(k) = −F(−k)49.
Therefore, the integral over the Brillouin zone of this odd
function vanishes, and so the Chern number is zero (note
that the singularities of the Berry curvature at the de-
generate energy points in Fig. 2, which have to be treated
separately, were also shown in Ref.[50] to integrate to zero
over the Brillouin zone). However, as has been shown in
Ref. [51] for a system of weakly coupled SSH chains, a
trivial Chern number does not necessarily imply a trivial
topological insulator. In this case, by turning on adiabat-
ically the interchain coupling, which changes the system
from a series of independent 1D chains to a 2D lattice,
the topological nature of the isolated SSH chains is not
changed, as it does not depend on the perpendicular di-
rection of the interchain couplings (that is, if the SSH
chains are in the topological phase, the existence of the
correspondent topological edge states is not affected by
turning on the interchain coupling). As such, the 2D SSH
model of Fig. 1(b) can be thought of as stacks of SSH
chains with alternate interchain couplings in both the x
and y directions. The idea, then, is to carry over the
information provided for each direction by the 1D topo-
logical invariant, given by Zak’s phase, to the 2D lattice
under consideration to determine the possible presence of
topological states52–54. This method can be straightfor-
wardly generalized to systems of higher dimensionality55.
Such 2D systems with trivial Chern number but non-
trivial Zak’s phase along certain 1D edges have also been
referred to as weak 2D topological insulators56–58 In the
context of the 2D SSH model considered here, the pres-
ence of topological edge states has been recently linked
to a non-trivial 2D Zak’s phase50 (generalization of Zak’s
phase to 2D lattices). The results we find below are con-
sistent with this finding.
As shown in Table I, a periodic 1D chain with two
spinless fermions and finite size, when mapped onto
a 2D plane with one particle, unfolds as a strip with
open boundaries in the r direction, wrapped periodi-
cally in the R direction. This strip, the unit cell of this
mapped system, is illustrated for the N = 8 sites case in
Fig. 1(c). Notice that N is always even, with N = 2q and
q = 2, 3, ..., since one can only add or remove pairs of t1
and t2 hoppings. The complete 2D mapping for this case,
shown at the left of Fig. 8 in Appendix A, consists of a
number of these strips, given by #strips = q/2, which is
integer for q even and half-integer for q odd, forming a
periodic cylinder shape around the R direction (spanning
over N values for R, with − 12 ≤ R < N−12 and R = x+y2
varying in half-integer values). One notices that the V
potential wall appears now at both ends of the strip. The
internal distance between particles, along the r direction,
reaches a maximum, rmax = q, and then returns to one
[see Fig. 1(c)]. The number of strips and the strip it-
self increase as N increases, since rmax = 2#strips = q
or, conversely, since the fundamental domain increases
with N in both the R and r directions (see Table I). If
we considered a bosonic system with an interaction U
instead of V , the mapped lattice of Fig. 1(c) would be-
come enlarged by the introduction of two extra sites with
potential energy U at r = 0 on both ends of the strip.
As we will demonstrate below, this enlargement of the
strip that occurs when one substitutes V with U plays a
crucial role in preventing the appearance of topological
bound states in the latter case.
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Figure 1. (a) Infinite and periodic SSH model. (b) 2D map-
ping of the model of (a) for two spinless fermions and NN
interactions, with one particle placed along each axis, r being
their internal distance and R the center-of-mass. Sites along
the r = ±1 lines have an on-site potential V and the r = 0
line is a forbidden region due to Pauli’s exclusion principle.
The purple square is the primitive cell and the red square
with sites labeled A through H is the unit cell that repeats
along the r and R directions. The light green region indi-
cates the mapped periodic strip of the N = 8 SSH ring with
two opposite spins and Hubbard interactions studied in Sec-
tion V. (c) Mapped strip of a finite periodic SSH chain with
N = 2q = 8 sites. The complete mapped system consists of
q/2 strips wrapped periodically in the R direction. r spans
over 1 ≤ r ≤ N−1 = 7 (see Table I), shown in parenthesis. In
the SSH ring, one has r ≡ N−r, which is why it is convenient
to span r from 1 to rmax = q and then back to 1, in order to
keep the correspondence between problems.
Since K is a good quantum number along the periodic
R direction, one can Fourier transform the Hamiltonian
of the mapped system in this direction to find its en-
ergy dispersion for this case of spinless fermions, shown
in Fig. 3. Aside from the expected doublon bands, asso-
ciated with states localized around the r = 1 sites with
0
pi
2-
pi
0
-pi -2-
pi
2-
pi2
-pi
pi
-pi
k K
E/t1
Figure 2. Band structure of the 2D SSH model as a function of
K and k, the center-of-mass and relative momentum, respec-
tively, for t2 = 0.3t1. The system has a total of eight bands:
two around E/t1 = 2, two symmetric ones around E/t1 = −2
and two doubly degenerate bands around E/t1 = 0, with one
doubly degenerate band with E/t1 ≥ 0 and another one with
E/t1 ≤ 0.
on-site potential V (dashed red curves), one sees two ad-
ditional bands of localized states (solid green curves) be-
tween the bands of itinerant states (shaded blue bands,
given by a 2D projection of the bands of Fig. 2). The
solid green bands of Fig. 3 correspond to the bands of
d˜1 and d˜2 states in Fig. 2(b) of Ref. [43], for the set of
parameters used there.
If we isolate the 1D Hamiltonian of the strip [which is
an edge Hamiltonian obtained by cutting the bulk Hamil-
tonian of the 2D SSH lattice along the r direction59, with
the unit cell considered in Fig. 1(b)], we can calculate the
Zak’s phase for each K value from the bulk properties of
the strip as
γ(K) = −
∑
n∈occ
i
ˆ pi
−pi
dk 〈un(k,K)| d
dk
|un(k,K)〉 , (4)
where |un(k,K)〉 is the eigenstate of band n, “occ” de-
fines the set of occupied bands and γ(K) is defined up
to mod 2pi. To highlight the topological nature of the
in-gap states of Fig. 3, we will follow the following strat-
egy: i) first, we Fourier transform the Hamiltonian of
the strip in the R direction to get the 1D chain with
K-dependent hoppings given in Fig. 4(a), ii) second, we
consider the two inversion invariant center-of-mass mo-
menta, K = 0, pi, for which Zak’s phase is pi-quantized60,
and show how, for each of these momenta, the strip maps
into a 1D topological system that harbors topological
edge states for the set of (t2, V ) values considered.
5-pi 0 pi-pi2-
pi
2-
K
-2
0
2
4
E/t1
Figure 3. Energy spectrum of a strip, for the case of two spin-
less fermions, as a function of the center-of-mass momentum
in the continuum limit with parameters (t2, V ) = t1(0.3, 5).
Shaded blue regions correspond to the itinerant bands, given
by a 2D projection of the bands of Fig. 2, dashed red curves
are doublon bands localized around r = 1, that is, at the edge
sites of the strip with on-site potential V , and solid green
curves correspond to the bands of topological doublon edge
states. Vertical lines indicate the energy levels for the two in-
version invariant center-of-mass momenta, at K = 0, pi. The
red dot at the upper topological band at K = pi indicates the
state represented in Fig. 4(c) for a finite strip with N = 10.
III. K = pi
For K = pi in the spinless fermions case, the K-
dependence present in some of the inter-leg hoppings
translates into a minus sign (a pi flux across these hop-
pings). The basis of the two-leg ladder of Fig. 4(a), under
PBC, is given by ({|αi〉}), where α runs from A to H and i
is the unit cell index. An appropriate rotation in this ba-
sis, given by the following symmetric and anti-symmetric
combinations,
|±1,i〉 = 1√
2
( |Bi〉 ± |Ai〉 ), (5)
|±2,i〉 = 1√
2
( |Fi〉 ± |Ei〉 ), (6)
transforms the two-leg ladder into a system of two decou-
pled linear chains labeled “chain +” and “chain -”, shown
in Fig. 4(b). These linear chains correspond to two dif-
ferent choices for the unit cell in the t1t1t2t2 model that
we have recently studied61. We showed there how, due
to the fact that the two possible inversion axes in each
unit cell are never at its center [see Fig. 4(b)], a correc-
tion term has to be added to (4) in order to recover a
pi-quantized Zak’s phase55. The general expression for
Ai,j
Bi,j
Ci,j
Di,j
Ei,j
Fi,j
Gi,j
Hi,j
Ai,j+1 Ei,j+1 Ai+1,j+1
Bi+1,j
Ai+1,j
Ai
Bi
Ci
Di
Ei
Fi
Gi
Hi
Ai+1
Bi+1
(a)
Chain +
+1,i Ci +2,i Gi +1,i+1
-1,i Di -2,i Hi -1,i+1
t’ =√2t
t’ =√2tChain -
(b)
0
pi
(c)
t’1 t’2
t’1 t’2
t1t2
1
2
1
2
t1t2
V
V
V
V
V V
1 2 3 4 3 2 1r = 5 4
Figure 4. (a) By Fourier transforming the Hamiltonian asso-
ciated with unit cell of Fig. 1(b) along the R direction, one
obtains a 1D two-leg ladder with K-dependent phases across
the colored hoppings, where the green and orange hoppings
have an extra phase factor of e−iK and eiK , respectively. (b)
Through the basis rotation given in (5) and (6), the two-leg
ladder is decomposed, for K = pi, in two decoupled chains
with renormalized hopping constants. (c) Spatial distribu-
tion of the topological bound state in the mapped two-leg
ladder and “chain +” of the original periodic SSH chain with
N = 10 sites and K = pi for the case of spinless fermions, with
energy given by the red dot in Fig. 3 and for the same parame-
ters considered there. The orange hoppings have a minus sign
(corresponding to a pi phase across these hoppings). In each
site, radius size and color indicate the relative amplitude of
occupation and phase, respectively. A degenerate topological
state is present at the right end of the two-leg ladder, that is,
at the right end of “chain -”.
the Zak’s phase has the form
γ˜(K) =

γ(K) +
∑
n∈occ
m∑
s=1
ˆ pi
0
dk|un,s(k,K)|2,
for m > 0,
γ(K)−
∑
n∈occ
|m|−1∑
s=0
ˆ pi
0
dk|un,M−s(k,K)|2,
for m < 0,
(7)
6where m = 0,±1, ...,±M , with M being the number of
sites in the unit cell, indicates the displacement of the
inversion axis, given by rm = a(
1
2 − m2M ), from the center
of the unit cell, while un,j(k,K), with j = 1, 2, ...,M ,
represents the j-component of |un(k,K)〉. Using (7), the
t1t1t2t2 model was shown be a topological insulator in
Ref. [61].
When t1 > t2, as we assume here, in an open t1t1t2t2
chain, topological states are present at the ends where the
end hopping is t1, followed by a t2 hopping [for example,
in “chain +” of Fig. 4(b), when the left end coincides
with a +1 site]. This should be contrasted, for example,
with the SSH chain, where weak edge hoppings (which
we also label t2) are the condition for the presence of
topological edge states. In the limit where t2 → 0, we
get zero energy states localized at the isolated sites at
the ends of the SSH model and, for the t1t1t2t2 model,
the topological edge modes are bonding and anti-bonding
states, with energies ±t1, of the two isolated sites at the
edge connected by a t1 hopping term.
However, one should remember that our original open
system, aside from having the bulk form described by the
two-leg ladder of Fig. 4(a), is also terminated on both
ends by two sites with on-site potential V [see Fig. 1(c)],
with each of them subsequently becoming the edge site of
either “chain +” or “chain -”. The full system, with these
edge sites included, has the general form of Fig. 4(c),
where the two-leg ladder and the “chain +” are depicted
for the case of N = 10, along with the spatial distribution
of the topological state of higher energy (red dot in Fig. 3)
correspondent to “chain +” (there is a degenerate state
at the right edge of “chain -”).
In the SSH model, an edge potential was shown to re-
verse the dimerization above a critical strength14,40,62,63,
by effectively separating the edge site from the rest of the
chain. In our t1t1t2t2 model, the effect of the edge poten-
tial is similar. For example, at the left edge of the “chain
+” in Fig. 4(c), the strong potential (V = 5t1) isolates
the edge site at r=1, and the inner chain effectively starts
at r = 2, that is, the edge hopping of this inner chain is
t1 followed by a t2 hopping, which is the condition for the
presence of topological states for t1 > t2, as mentioned
above. Furthermore, without the NN interaction V , the
topological states would not be present for any periodic
chain of size N . This becomes clear if one considers that:
1) for any N , both “chain +” and “chain -” always have
pairs of hoppings of the same type at each end, as ex-
emplified in the “chain +” for N = 10 in Fig. 4(c); 2)
since N is even, to increase or decrease N always in-
volves the creation or destruction of pairs of hoppings
of the same type at the ends of these chains; and 3) a
sufficiently strong edge potential V is therefore required
to effectively isolate a t1 hopping at specific edges of the
inner chains, thus allowing for the presence of topolog-
ical states, corresponding in Fig. 3 to the in-gap states
at the solid green curve for K = pi. Note that a chiral
symmetry, defined as CHC = −H, where C is assumed
to be a local operator59, is recovered in the inner chain
for V →∞. In this limit, the edge sites of the chain with
potential energy V become decoupled and can thus be
projected out exactly from the inner chain Hamiltonian.
However, C-symmetry is not, by itself, the protecting
symmetry of the topological states (edge states are chiral
pairs, their energies can change symmetrically when C-
symmetry preserving perturbations are included). The
definition of such a topologically protecting symmetry is
somewhat trickier in this case. It involves the definition
of a “chiral-like” operator that considers separately each
pair of bands from which each edge state independently
emerges. This new operator will turn out to be the chiral
operator of the topological H2 model (where H2 repre-
sents the squared Hamiltonian of the t1t1t2t2 model, see
an example of an H2 model at Ref. [64]). A straightfor-
ward calculation shows that squaring the Hamiltonian of
the t1t1t2t2 model yields two decoupled chains: an ionic
Hubbard chain24 and an SSH chain with a constant en-
ergy shift (given by the square of the energy of the edge
states in the t1t1t2t2 model). There is a mapping be-
tween the topological edge states in the original t1t1t2t2
model and the topological edge states of the SSH chain
of the squared model65.
When switching from the unit cell with two consecutive
t1 hoppings to the one with a single t1 hopping, the Zak’s
phase at each gap [sum of the Zak’s phases of the bands
below the gap, using (7)] of the t1t1t2t2 model is shifted
by pi, signaling the topological transition discussed above.
Note that the Zak’s phases of the two different unit cells
can only be compared when one follows the same criterion
for choosing the inversion axis, for example, choosing in
both cases the inversion axis closer to the center of the
unit cell [with the smallest |m| in (7)].
IV. HUBBARD INTERACTION FOR K = pi
We consider now the effects of dropping the V term
and introducing instead a Hubbard interaction U in the
Hamiltonian of (1), which translates as an on-site poten-
tial at the sites across the r = 0 diagonal in Fig. 1(b).
There are two distinct cases that have to be considered
separately: i) the case of two distinguishable particles
(we consider two opposite spins), and ii) the case of two
identical bosons. The Hubbard term that substitutes
the NN interaction term in the Hamiltonian of (1) is
HU = U
∑
l nl↑nl↓ for the former case (with the cor-
responding introduction of a spin index in the hopping
term) and HU =
U
2
∑
l nl(nl − 1) for the latter case.
When we consider a system of two opposite spins, the
full 2D mapping produces a lattice periodic in both the r
and R directions with the shape of a torus (see Table I).
Instead of an open strip in the r direction, as in Fig. 1(c),
one has now a periodic strip, as shown for the N = 8 case
in the light green region of Fig. 1(b), where the ends of
this region are connected. Upon Fourier transforming
the respective Tight-binding Hamiltonian of this strip in
the R direction, as before, one arrives at the Hamiltonian
7of the two-leg ladder with PBC of Fig. 5(a) for K = pi.
The effect of large interactions, U  ti, is to cut this
ladder along both r = 0 lines to produce an effective sys-
tem of four decoupled sites with energy of the order of
U and two equivalent two-leg ladders with OBC at both
ends. An equivalent basis rotation to that of (5) and (6)
transforms again each of these decoupled two-leg ladders
into the “chain +” and “chain -” of Fig. 5(b) without
the yellow end sites (the inner chains with the blue sites
only). Given that both “chain +” and “chain -” always
have pairs of consecutive hoppings of the same type at
each end, there can be no topological bound states in this
case, for the reasons explained above. For these topolog-
ical bound states to appear, one would have to introduce
NN interactions, i.e., an on-site potential V  ti at the
r = 1 sites. Under these circumstances, and given that
the inner chain starting from r = 2 would be effectively
decoupled from the two edge sites with on-site potentials
U and V , the value of U has no effect on the topological
states.
b
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Figure 5. Mapping of a finite periodic SSH chain with N = 8,
Hubbard interaction U and K = pi for: (a) states of two op-
posite spins, which becomes a strip with PBC, and top of (b)
two-boson states, which becomes a strip with OBC, where
the thicker edge hopping constants have an extra factor of√
2. Orange hopping constants have a minus sign. We dis-
tinguish between regions a and b to facilitate site indexation.
Under the basis rotation given by (5) and (6), the strip in (b)
separates into “chain +” and “chain -”, with t′i =
√
2ti
Let us consider now a system of two identical bosons
for K = pi and q = N/2 even. For a general K, it is
convenient to write the states of the two-leg ladder of
Fig. 5(a) as
|K, ru, β〉 = 1√
N ′R
∑
R′
e−iKR
′ |R′, ru, β〉 , (8)
where u = a, b denotes the correspondent r region in
Fig. 5(a), R′ = 1, 2, ..., NR′ , NR′ = N/4 is the number of
different R′ values [each unit cell spans over 4 values for
R, as can be seen, for example, in the A-C-B-D sequence
in Fig. 4(a)] and β = t(b) gives the corresponding site
at the top (bottom) leg of the ladder. The symmetrized
bosonic states have the form
|K, ru, β〉s =
1√
2
(|K, ru, β〉+ |K,−ru, β〉), ru > 0. (9)
In the basis of these bosonic states, the system becomes
once more an open two-leg ladder, shown at the top of
Fig. 5(b) for K = pi. Notice that the edge hoppings are
renormalized, with an extra
√
2 factor, reflecting the fact
that states |K, 0u, β〉 are already symmetrized. For the
ru = 0 sites at the top leg of Fig. 5(a), the Tight-binding
equation is written as
H |pi, 0u, t〉s = t1(|pi, 1u, t〉+ |pi,−1u, t〉)
+ t2(|pi, 1u, b〉+ |pi,−1u, b〉)
=
√
2t1 |pi, 1u, t〉s +
√
2t2 |pi, 1u, b〉s , (10)
with equivalent relations holding for the sites of the bot-
tom leg at ru = 0.
Performing the basis rotation given by (5) and (6) for
this case of two identical bosons, one arrives at the “chain
+” and “chain -” of Fig. 5(b) with
√
2ti hoppings at the
edges. The reasons which justify the absence of topologi-
cal bound states in this bosonic case are not the same for
the U →∞ and U = 0 regimes. Similarly to the opposite
spins case, when U →∞ the edge sites of “chain +” and
“chain -” become decoupled and the pairs of consecutive
hoppings of the same type at the edges of the the inner
chains prevent the appearance of the topological states.
When U = 0, the problem becomes one of two non-
interacting bosons. Let us consider “chain -” for the case
of N = 8 shown in Fig. 5(b), which has isolated
√
2t′1
hopping constants at the edges. We have seen that the
condition for the existence of topological bound states
is to have isolated t′1 hopping constants at one or both
edges, for t′1 > t
′
2 (t1 > t2), as we have assumed through-
out the paper. However, the effect of the
√
2 factor at
the edges has to be taken into account, as it is responsi-
ble for driving the energy of the topological states out of
the gaps and into the energy bands, where they vanish.
This can be better understood if one considers again the
fully dimerized limit of t′1 > 0 and t
′
2 = 0 on the “chain
-” of Fig. 5(b). The Hamiltonian describing the two sites
at each edge is Hedge =
√
2t′1σx, where σx is the first
Pauli matrix, with eigenenergies Eedge,± = ±
√
2t′1. In
the bulk, we have decoupled sites (at ru = 2) with E = 0
and three sites connected by a pair of t′1 hopping con-
stants (at ru = 3 and ra = 4). In the basis spanned by
8the states {|ra = 3〉 , |ra = 4〉 , |rb = 3〉}, this bulk Hamil-
tonian is written as
Hbulk =
 0 t′1 0t′1 0 t′1
0 t′1 0
 , (11)
with eigenenergies Ebulk,0 = 0 and Ebulk,± = ±
√
2t′1.
One sees that the extra
√
2 at the edge hoppings is pre-
cisely the only factor for which edge and bulk energies
coincide, i.e., Eedge,± = Ebulk,±, and so the edge states
vanish as the bulk bands broaden with the introduction
of a finite t′2. Note that this absence of topological bound
states for U = 0 comes purely as a consequence of Bose-
Einstein statistics. One way to circumvent this limitation
would be to introduce r-modulated hopping constants,
t1(r) = t1,r↔r+1, with r ≥ 0, such that t1(0) 6= t1(r) = t1
for r > 0. Although it is not clear how this modula-
tion could be experimentally realized, its implementation
should in principle drive the appearance of topological
bound states in this non-interacting regime.
V. K = 0
Returning to the case of spinless fermions with NN in-
teractions, when K = 0 the hopping constants of the
two-leg ladder in Fig. 4(a) all have the same sign. If
we perform the same basis rotation as before, given by
(5) and (6), the bulk unit cell of our system becomes a
diamond chain plus two decoupled sites, as depicted in
Fig. 6(a). The two inversion axes of the diamond chain
(about the plus sites) are not at the center of the unit
cell, as was the case with the t1t1t2t2 model for K = pi.
This model of the diamond chain is peculiar, since it is
topologically non-trivial for both dimerizations and has
topological edge states regardless of the unit cell consid-
ered (for an open chain with an integer number of unit
cells). Looking at the unit cell of the diamond chain in
Fig. 6(a), one sees that a reversal in the dimerization
is equivalent to a vertical flip (pi-rotation) of the unit
cell, which does not affect the topological structure of
the model since all possible edge configurations for the
case of OBC are equivalent under a dimerization rever-
sal. Additionally, this equivalence between dimerizations
further translates into a topological equivalence between
all four possible choices of unit cell.
The energy spectrum of the periodic diamond chain is
shown in Fig. 6(b). The Zak’s phase calculated according
to (7) is indicated for each dispersive band and for each
inversion axis. As explained above, the effect of changing
from one inversion axis to the other, in the calculation of
the Zak’s phase, is equivalent to a dimerization reversal
for a fixed inversion axis. Therefore one sees that, re-
gardless of the dimerization considered, an open diamond
chain with an integer number of unit cells is always topo-
logically non-trivial for an in-gap Fermi level, as the total
Zak’s phase of the two lowest energy bands is pi and the
2
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Figure 6. (a) Through the basis rotation given in (5) and (6),
the two-leg ladder in Fig. 4(a) is decomposed, for K = 0,
in a diamond chain with renormalized hopping constants
(t′i =
√
2ti) and two decoupled sites. Vertical dashed lines
labeled 1 and 2 indicate the two inversion axes for this
choice of unit cell. (b) Energy spectrum of the diamond
chain in (a) as a function of the relative momentum k for
(t′1, t
′
2) →
√
2t1(1, 0.3). There are two degenerate flat bands
around E/t1 = 0. Pairs of values α(β), with α, β = 0, pi, in-
dicate the Zak’s phase of the corresponding band calculated
from (7) and using inversion axis 1 and 2 in (a), respectively,
after lifting the degeneracy of the dispersive bands at k = pi
through the introduction of perturbative potentials at “+1”
and “+2” sites (to preserve inversion symmetry). The sum of
the Zak’s phases of the degenerate flat bands is zero indepen-
dently of the inversion axis considered.
flat bands have the same Zak’s phase66. In this diamond
chain, there is one topological state in each gap localized
at the edges that end with a single site [either a +1 or a
+2 site in Fig. 6(a)]. For any N in our original problem,
the mapped diamond chain ends with two sites at both
edges (either C and D or G and H sites) with on-site po-
tential V [as can be checked by mapping the N = 8 case
of Fig. 1(c) into the diamond chain], that is, the number
of unit cells is fractional. Using the reasoning followed
before for K = pi, the effect of a strong V is to isolate
the edge sites, making the chain effectively end with sin-
gle sites at both inner edges, which is the condition for
the presence of topological edge states. This way, doubly
degenerate topological states appear with energies inside
9each of the gaps in Fig. 6(b) (see the topological in-gap
energy levels for K = 0 in Fig. 3).
The absence of topological bound states for K = 0,
when one drops the NN interaction term and considers
instead Hubbard interactions, follows from the same ar-
guments exposed in Section IV for K = pi both for the
opposite spins and bosonic cases, that is, when U → ∞
the terminations of the longer inner diamond chain do
not support edge states and, when U = 0 (the non-
interacting bosonic case), the renormalization of the edge
hopping constants is responsible for driving the energy of
the edge states into the bulk energy bands.
VI. CONCLUSIONS
In this paper we have studied two-particle states in pe-
riodic Su-Schrieffer-Heeger chains with nearest-neighbor
and Hubbard interactions. This problem of two particles
in a one-dimensional system was mapped into a problem
of a single particle in a two dimensional lattice. In the
limit of strong nearest-neighbor interactions, for the case
of two spinless fermions, the energy spectrum as a func-
tion of the center-of-mass momentum was found to have,
apart from the expected energy bands of doublon states,
two extra in-gap energy bands of localized states, ab-
sent when the nearest-neighbor interaction is either sup-
pressed or substituted with a Hubbard interaction for the
cases of opposite spins or identical bosons. The states of
these extra bands were identified as two-body topological
states that exhibit localized behavior at the edges of the
internal coordinate, namely the distance between the two
particles, while retaining an extended behavior over the
external spatial coordinate of the periodic chain. Since
this internal coordinate is specific to many-body systems,
these topological bound states are truly many-body, in
the sense that they have no single-particle counterpart.
Optical lattices appear as natural candidates for the
observation of the topological bound states described
here. Upon loading two ultracold bosonic atoms into
an optical lattice with tunable hopping constants ti and
repulsive on-site interaction U , the experimental creation
and manipulation of bound states in this Bose-Hubbard
model has been realized29,33,34. To detect these topolog-
ical bound states, the introduction of a nearest-neighbor
interaction term V in an optical lattice loaded with ei-
ther bosonic or fermionic atoms is required67, which has
proven to be experimentally more challenging than the
introduction of the U term. Additionally, one has to be
in the V  t1, t2 limit for any of the two-particle systems
considered in this paper (spinless fermions, opposite spins
and identical bosons, with arbitrary values for U in the
two latter cases). The implementation of the extended
Hubbard model on an optical lattice, with both on-site
and off-site (in particular nearest-neighbor) interactions,
has been achieved recently68, which strongly suggests the
possibility of a near future detection of the topological
bound states studied in this paper.
Our work can be extended to n-particle states, with
n > 2, living in d dimensions. Using the techniques de-
tailed here, this problem can be mapped into a problem
of a single-particle living in an nd dimensional lattice.
The effect of interactions on this mapping, while being
qualitatively the same (that is, they still map into local
potentials), becomes more complex, with the appearance
of multiple potential walls at sites belonging to different
l-dimensional hypersurfaces, with 1 ≤ l ≤ nd− 1. As the
dimensionality of the problem is increased, several energy
subspaces are expected to be present in the large interac-
tion limit, and intrinsically many-body topological states
of the kind shown here may be available in some of these
subspaces.
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Appendix A: Fundamental domain of the mapped
model for spinless fermions
We present here the procedure to established the fun-
damental domain for the case of two non-interacting spin-
less fermions in an SSH rings with q = N/2 even. We
consider the SSH ring with N = 8 sites of Fig. 1(c). One
starts by establishing a numbering of the sites of the orig-
inal model, which in our choice goes from 0 to N − 1
[see bottom of Fig. 7(i)]. By assigning the position of
each particle to a different degree of freedom (directions
x and y, with x > y ordering, that is, y = 0, ..., N−2 and
x = y+1, y+2, ..., N−1), such that |x, y〉 specifies a given
two-particle state in the original model, one can identify
all possible states of this model in the xOy plane, as in
Fig. 7(i). States along the y = x line, representing same
site occupation, are forbidden due to Pauli’s exclusion
principle (they should be considered in the bosonic and
distinguishable particles cases). Since we are only inter-
ested here in counting the number of states, we omit the
alternating hopping constants between states in the xOy
plane, which would fully map the problem into the 2D
SSH model of Fig. 1(b).
Having counted all available states, we take advan-
tage of the anti-symmetry of the states with respect to
y = x to project the states on the DA diagonal and above
onto their anti-symmetric counterparts, as exemplified in
Fig. 7(ii). Recalling that the states have a periodicity de-
fined by |x, y〉 ≡ |x± iN, y ± jN〉, with (i, j) ∈ Z×Z, we
shift the projected states by (i, j) = (0,−1) and get the
final form of the mapped 2D model shown in Fig. 7(iii),
where a wavefunction ψ(R, r) satisfies open boundary
conditions in r and Mo¨bius boundary conditions69,70
(MBC) in R (note the inverted A-B-C-D sequence at the
orange dashed lines of the periodic R direction),
ψ(R, 0) = ψ(R,N) = 0, (A1)
ψ(R, r) = ψ(R+N/2, N − r), (A2)
with R = x+y2 varying in half-integer steps. When
ψ(R, r) is even along r [see red curve in Fig. 7(iii)], cylin-
der boundary conditions (CBC) and MBC become equiv-
alent and (A2) can therefore rewritten as
ψ(R, r) = ψ(R+N/2, r). (A3)
When ψ(R, r) is odd along r [see blue curve in Fig. 7(iii)],
on the other hand, one has to introduce a pi phase shift
in the boundary condition to recover CBC69,70,
ψ(R, r) = −ψ(R+N/2, r), (A4)
which creates a pi magnetic flux along r that induces a
shift in the center-of-mass momentum K proportional
to the system size N . The general relation, when one
switches from MBC to CBC, can be encapsulated as
{
K → K, for ψ even in r,
K → K + 2piN , for ψ odd in r.
(A5)
For largeN , theK (energy) shift which affects only states
with odd k becomes negligible, and one can consider only
the even solution in (A5) for all k.
The procedure to determine the fundamental domain
in the bosonic case is the same as for the case of spinless
fermions shown here, except that one also has to con-
sider the sites along the y = x (r = 0) line and an extra√
2 factor at the hopping terms connected to the sites
at both edges in r, when one considers the states of the
fundamental domain to be symmetrized, as explained in
the discussion around (10) in the main text. To deter-
mine the fundamental domain for the case of two distin-
guishable particles, one only has to identify all possible
states and impose periodic boundary conditions in both
the r and R directions (which produces a toroidal shape).
The unit cell of this case is shown in the light green re-
gion in Fig. 1(b). The full torus can then be constructed
by adding a second adjacent unit cell and wrapping also
around R.
For the sake of completeness, we take the fundamental
domain of Fig. 7(iii), considering now an on-site potential
V at the edge sites in r and CBC, and complete in Fig. 8
the steps that transform it into the t1t1t2t2 model for
K = pi. Alternatively, Fig. 8 can also be seen as the
continuation of Fig. 1(c).
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Figure 7. (i) Blue dots correspond to the available states, in the mapped model in xOy, of a system of two spinless fermions
in an SSH ring with N=8 sites, shown at the bottom. (ii) States on the DA diagonal and above are projected onto their
anti-symmetric counterparts. (iii) Taking advantage of the periodicity of the states, the y coordinate of the projected states of
(ii) is shifted by −N . Green solid lines represent the open boundaries in the r direction and equally labeled sites at the orange
dashed lines are the same site in the periodic R direction. Red and blue curves represent possible even and odd solutions along
r, respectively, for a wavefunction ψ(R, r) in this fundamental domain.
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Figure 8. At the left, we consider the fundamental domain of Fig. 7(iii) with the inclusion of an on-site potential V at the
edge sites in r. By Fourier transforming this fundamental domain in the periodic R-direction using CBC and considering then
K = pi, we arrive at the two-leg ladder on the right top. Orange couplings carry an extra pi phase. Under the basis rotation
of (5-6), the two-leg ladder is transformed into the two decoupled chains with renormalized couplings labeled “chain +” and
“chain -”.
